Abstract. We study a local-global principle for polynomial equations with coefficients in a finite field and solutions restricted in a rank-one multiplicative subgroup in a function field over this finite field. We prove such a local-global principle for all sufficiently large characteristics, and we show that the result should hold in full generality under certain reasonable hypothesis related to the existence of large multiplicative subgroups of finite fields avoiding linear relations. We give a method for verifying the latter hypothesis in specific cases, and we show that it is a consequence of the classical Artin primitive root conjecture. In particular, this function field local-global principle is a consequence of GRH. We also discuss the relation of these problems with a finite field version of the Manin-Mumford conjecture.
Introduction
Let K be a global field, S be a finite set of places of K containing Archimedean ones (if any), and O S be the ring of S-integral elements in K. For any ring R, let R × be the group of units in R.
Given a positive integer n, a polynomial f ∈ O S [X 1 , . . . , X n ] and a subgroup Γ ⊆ O × S , we consider the following conditions (here, Γ n is the n-th cartesian power of Γ):
(L f,Γ ) For every non-zero ideal a ⊆ O S there exists (x 1 , . . . , x n ) ∈ Γ n such that f (x 1 , . . . , x n ) ∈ a.
(G f,Γ ) There exists (x 1 , . . . , x n ) ∈ Γ n such that f (x 1 , . . . , x n ) = 0.
The condition (L f,Γ ) can be seen as a local vanishing condition, while (G f,Γ ) is a global one. A natural question is whether (L f,Γ ) implies (G f,Γ ), and the purpose of this note is to make some progress on this matter in the positive characteristic case.
As an interpretation of an old conjecture of Skolem, the implication (L f,Γ ) ⇒ (G f,Γ ) was proposed by Harari and Voloch (Remark 2.5 in [5] ) in the case where f is a linear form. In the case where K is a number field and f has total degree one and involves at most two monomials, this implication is implicitly proved by Skolem [13] . When K is a global function field with constant field F q , the second author (immediate consequences of Theorem 1 in [14] and of Theorem 2 in [15] ) proves (L f,Γ ) ⇒ (G f,Γ ) under some additional hypotheses on f ; those hypotheses always fail when f has constant coefficients, i.e. f ∈ F q [X 1 , . . . , X n ], and involves at least three monomials. In the present work we investigate the implication (L f,Γ ) ⇒ (G f,Γ ), precisely in the case where f has constant coefficients and has an arbitrary number of monomials. × is a primitive r-th root of unity.
We need some more notation to state our main result. If K is a global function field with constant field F q and Γ ⊆ O × S is a subgroup, we let F q (Γ) be the minimal subfield of K containing both F q and Γ. Also, we denote by Tor(Γ) the torsion subgroup of Γ. Consider the following condition:
Clearly we have (
Note that in the case where Γ is finite,
) is trivial since any nonzero element in K cannot lie in infinitely many prime ideals of O S . With this trivial case excluded, the next result addresses a local-global principle which is more precise than the conjectural implication (
above, in the case where K is a global function field and f has constant coefficients.
S be a rankone subgroup, n be a positive integer and
that Cond(m, q, r) holds, where m is the number of monomials appearing in the expansion of
and r is a positive integer larger than the cardinality of residue field of the global field F q (Γ) at any w ∈ Σ Fq(Γ) lying below some place in S.
This theorem is proved in Section 5. We may remove the hypothesis on Cond(m, q, r) if we could establish the following statement for all positive integers m and prime powers q:
Conjecture (Conj(m, q)). The condition Cond(m, q, r) holds for infinitely many positive integers r relatively prime to q.
Statements similar to Conj(m, q) have already attracted the attention of researchers, specially in the form "large multiplicative subgroups of finite fields must satisfy some additive relation", see for instance [1] and the references therein.
It is thus natural to investigate to what extent we can establish Conj(m, q). Note that Conj(2, q)
holds; indeed, for any (a 1 , a 2 ) ∈ F 2 q with a 1 = −a 2 , the quotient − a1 a2 is a non-trivial (q − 1)-th root of unity and thus cannot be a r-th root of unity provided that gcd(q − 1, r) = 1; thus Cond(2, q, r) holds for such r. The case of m = 3 is established unconditionally in the following result. 2 ) hold for all natural numbers k, t, and odd prime powers q. Hence, for m ≥ 3 we have that Conj(m, q) holds for all prime powers q.
We prove 1.2 in Section 2, based on a study of Fermat curves.
Let us recall Artin's primitive root conjecture (APRC): for every non-square positive integer a, the following statement should hold: APRC(a) There are infinitely many primes such that a generates (Z/ Z) × .
The relevance of APRC in our context is due to the following result. 
Moreover, GRH implies that the local-global principle holds without restrictions on the characteristic.
While there is no prime p for which it is unconditionally known that APRC(p) holds, the next result permits the verification of Conj(m, q) for any given m and q after a finite amount of computation which finds an odd prime validating the hypothesis in the following statement. believed that the set of Wieferich primes to any given basis has natural density zero; see [10] . Moreover, the result of Hooley on APRC mentioned above shows that under GRH we have a positive proportion of primes for which p is a primitive root modulo . Therefore, assuming GRH and the sparseness of Wieferich primes, one may always verify Conj(m, q) by using Theorem 1.5. For the sake of concreteness,
here is a simple numerical example:
Let us check that Conj(4, 9) holds. In the notation of Theorem 1.5 we have m = 4, p = 3, q = 9, t = 2, and we need to find a prime > m t = 16 such that p = 3 generates (Z/ 2 Z) × . The relevant information for the first few primes > 16 is in the following We prove both Theorem 1.3 and Theorem 1.5 in Section 3.
There is also a connection between our Conj(m, q) and the Manin-Mumford conjecture. The latter conjecture does not have an obvious analogue over finite fields (note that we do not mean global function fields) because all algebraic points of a semi-abelian variety A defined over F q are torsion.
However, Poonen proposed an analogue for the Manin-Mumford conjecture over finite fields, based on the idea that for a semi-abelian variety A/F q one should consider a point in A(F alg q ) as non-torsion whenever its order is 'large' in a precise way. See Section 4 in [18] or Conjecture 4.2 in Section 4
below for the precise statement of Poonen's conjecture. In Section 4 we prove Theorem 4.4, which roughly says that a much weaker version of Poonen's conjecture implies the following stronger version of Conj(m, q), where m is a positive integer and q is a prime power:
There is a set of primes L (depending on m and q) with natural density 1 in the primes such that the condition Cond(m, q, ) holds for all ∈ L.
Here, we recall that the (natural) density of a set of primes P (in the primes) is the following quantity, provided that it exists
π(t) where π(t) is the number of prime numbers up to t.
Conj(m, q) and Fermat Curves
This section is devoted to prove Theorem 1.2. Our approach using Fermat curves originates in the work of Yekhanin (c.f. Lemma 5, Theorem 6 and Corollary 7 in [19] ). See also the appendix in [1] .
× the finite subgroup generated by a primitive i-th root of unity.
Lemma 2.1. Suppose that n ≤ 3 and let a 1 , . . . , a n ∈ F * q . Then every F q 4 -rational point on the Fermat hypersurface in P n−1 defined by
Proof. We can assume that n = 3, for otherwise the result can be easily checked. Note that each
q is a (q + 1)-th power of elements in F q 2 . So we may further assume that a i = 1 for each i. Denote by V ⊆ P 2 the Fermat curve defined by 
where the last equality holds since
Fermat curve of degree q + 1, thus it cannot contain a line, and we obtain a contradiction.
Note that F * q ⊆ µ(
) and a 1 , . . . , a n ∈ F * q satisfy n i=1 a i x i = 0. Then x 1 , . . . , x n reduce to the same element in the quotient µ(
for each i, we see that [y 1 , . . . , y n ] is an F q 4 -rational point on the hypersurface in P n−1 defined by
Corollary 2.3. Suppose that n ≤ 3. Let a 1 , . . . , a n ∈ F * q satisfy n i=1 a i = 0. When q is even, we put G = µ(q 2 + 1); when q is odd, we put G = µ(
Proof. Assume that for some (
) for any prime power q, Proposition 2.2 implies that we may further suppose for all i that x i ∈ F * q . It follows that Fix a natural number k and a prime power q. If q is even, we put G = µ(q 2k + 1); if q is odd, we put G = µ( holds.
To prove Theorem 3.1, we need the next two elementary lemmas, the first of which is well-known. Proof. By induction. Noting that R = P whenever deg P < N , we assume the truth of this lemma in the case where deg P < d and prove it when deg
is either the zero polynomial or has degree less than d. We also observe that the number of monomials in P 0 is no more than that in P .
By the induction hypothesis, the number of monomials in the remainder of P 0 (X) divided by X N − 1 is at most that in P 0 , which is no more than that in P as observed. Noting that R(X) is also the remainder of P 0 (X) divided by X N − 1, we finish the proof.
Proof of Theorem 3.1. The desired conclusion holds trivially when m = 1. Assume that Hypothesis Hyp(m, q, k ) is satisfied for certain positive integer m ≥ 2, prime powers q = p t and k . We note that cannot divide t, for otherwise one would have > m
Suppose that Cond(m, q, k ) fails, i.e., for some (a 1 , . . . , a m ) ∈ F m q with m i=1 a i = 0 we have
for some (e 1 , . . . , e m ) ∈ Z m , where ξ k ∈ (F alg q ) × is a primitive k -th root of unity. For each prime-tointeger 0 ≤ e ≤ k − 1, let f e be the unique integer such that 0 ≤ f e ≤ k − 1 and ef e ∈ 1 + k Z; we define the auxiliary polynomials
Using (3.1) we see that P e (ξ e k ) = 0 for each prime-to-integer 0 ≤ e ≤ k − 1.
Since p generates the finite abelian group (Z/ k Z) × with cardinality
as noted in the beginning of this proof.
By Lemma 3.3, the cyclotomic polynomial Φ k factors as a product of d distinct irreducible polynomials
is ξ e for some prime-to-integer 0 ≤ e ≤ k − 1, there are d
Let R ∈ F q [X] be the reminder obtained when we perform the Euclidean division of (
, we note that R is not the zero polynomial. Also, by Lemma 3.4, the number of monomials appearing in R is no more than that in
and thus is at most
follows that Φ k divides the nonzero polynomial R, i.e. there is some nonzero polynomial Q ∈ F q [X] such that R = QΦ k . Since R has degree at most k − 1 and Φ k has degree k−1 ( − 1), it implies that Q has degree at most k−1 − 1. Noting that
we see that the expression
involves no cancellation among terms. From this, we observe that R has at least monomials. Since > m d , this is a contradiction to the fact that at most m d monomials appear in R. This shows that Cond(m, q, k ) holds.
Finite field analogue of the Manin-Mumford conjecture
In this section, we connect Poonen's analogue of the Manin-Mumford conjecture over finite fields with our conjecture sConj(m, q), which is a much stronger version of Conj(m, q). We begin by recalling the statement of the Manin-Mumford conjecture over number fields, which is now a theorem:
Theorem 4.1. Let K be a number field, let A/K be a semi-abelian variety, and let X/K be a closed sub-variety of A. Let Z be the union of all translates of positive-dimensional semi-abelian sub-varieties of A defined over K alg and contained in X. Then at most finitely many points x ∈ (X Z)(K alg ) are torsion.
A first version of this was proved by Raynaud [12] in the case when X is a curve of genus g > 1 embedded in an abelian variety, and since then the result has been extended in a number of ways. The version stated here is due to Hindry (cf. Théorème 2 in [7] ). See [17] for a survey on this subject.
As promised in the introduction, let us recall the following finite field analogue of the ManinMumford conjecture proposed by Poonen (see Section 4 in [18] ).
Conjecture 4.2. Let k be a finite field, let A/k be a semi-abelian variety, and let X/k be a closed subvariety of A. Let Z be the union of all translates of positive-dimensional semi-abelian sub-varieties of A defined over k alg and contained in X. Then there is a positive constant c > 0, depending on A and X, such that for all x ∈ (X Z)(k alg ) we have
where x ⊂ A(k alg ) is the cyclic subgroup generated by x, and κ x is the smallest field extension of k such that x ∈ A(κ x ).
One way to think about this conjecture is that, although all F For our purposes, the following weaker version of Conjecture 4.2 will suffice: Conjecture 4.3. Let k be a finite field, let A/k be a semi-abelian variety, and let X/k be a closed subvariety of A. Let Z be the union of all translates of positive-dimensional semi-abelian sub-varieties of A defined over k alg and contained in X. Then, depending on A and X, there is a positive function F (t) defined on Z ≥1 satisfying for every > 0 that F (t) = O(t ) as t goes to the infinity, such that for all x ∈ (X Z)(k alg ) we have
To derive Conjecture 4.3 from Conjecture 4.2, just note that #κ x = (#k) [κx:k] and take F (t) = t 2 (#k) −ct , which tends to zero as t goes to the infinity. This exponentially decaying property is not necessary for our application, where we only have to require that F (t) does not grow too fast; for instance, candidates of type F (t) = (log t) b (with positive constants b) make the bound (4.1) useful.
To the best of our knowledge, however, even this much weaker Conjecture 4.3 remains open, although substantial progress has been achieved by Voloch in the case A = G 2 m , see the main Theorem in [18] . We remark that the exponent 2 in (4.1) is critical in Voloch's work.
The main result in this section is the following: Before proving this result, we need the following lemmas.
Lemma 4.5. Let K be an algebraically closed field, and let S be a semi-abelian variety embedded in a torus G r m /K. Then S is a torus.
Proof. There is a maximal torus subgroup T ⊆ S such that A = S/T is an abelian variety. On the other hand T is also a sub-torus of G Proof. Up to a multiplicative translation, we can assume that a i = 1 for each i (because they are non-zero), so X is given by x 1 + . . . + x r = 1. Let G be a translate of some positive-dimensional 
As f is non-constant, some f i must have a pole at p ∈ P 1 \ G m . Let I ⊆ {1, . . . , r} be the subset of indices i such that the order of pole for f i at p is maximal over i ∈ {1, . . . , r}. Noting that the right hand side of (4.2) has no poles, we look at the Taylor expansion of both sides of (4.2) at p, and find
where
× is the first non-zero coefficient of the power series expansion of f i at p. Choosing a suitable positive integer n we conclude i∈I b i = 0. Note that I is non-empty by construction, and it is a proper subset of {1, . . . , r} because
We also need the following result of Erdös and Murty (Theorem 1 in [3] ).
Theorem 4.7. Let f (t) be a positive function tending to 0 as t grows. Let a > 1 be an integer. Let P be the set of prime numbers satisfying that the order of a in (Z/ Z) × is greater than 1 2 +f ( ) . Then P has density 1 in the primes.
Proof of Theorem 4.4. For any positive integer n, it follows from relabeling and scaling that sConj(n, q) is equivalent to the following statement: There is a set of primes L (depending on m and q) with natural density 1 in the primes such that the for any (a 1 , . . . , a n−1 ) ∈ F Consider the function f (t) = log(max{1, F (t)} · log t) log t which tends to 0 as t goes to the infinity because F (t) = O(t ) for every > 0. Let P be the set of primes such that q has order larger than
By Theorem 4.7 we know that P has density 1 in the primes.
Now we show for any ∈ P that
Suppose that for some ∈ P the set µ(
is not empty and contains some element x. Then we would derive the following contradiction
where the first equality is due to the condition 1 / ∈ X 0 (F alg q ), and the second inequality is deduced as follows: Lemma 3.3 gives that [κ x : F q ] equals the order of q modulo , hence
which, together with the fact that F is non-decreasing, yields the desired inequality. This proves (4.3).
It remains to claim that there is a set of primes P of density 1 such that for all ∈ P we have
since then for every in the set of primes P ∩ P having density 1, we have
i.e. sConj(m, q) holds. By Lemma 4.6, Z 0 is contained in the union of sub-varieties of X 0 ⊆ G r m defined by the vanishing of of i∈I a i x i over all (finitely many) non-empty (proper) subsets I {1, . . . , r}.
It suffices to show that for every such I there is a set of primes P I with density 1 such that for all ∈ P I there is no common solution for i∈I a i x i = 0 and r i=1 a i x i = 1 (equivalently, for i∈{1,...,r} I a i x i = 1 and r i=1 a i x i = 1) over µ( ), for then we can let P = I {1,...,r} P I since the intersection of finitely many sets of primes with density 1 also has density 1. Since #I ≤ r < m and #({1, . . . , r} I) ≤ r − 1 < m − 1, the induction hypothesis guarantees that both sConj(#I, q) and sConj(#({1, . . . , r} I) + 1, q) holds. Note that since r i=1 a i = 1, we have either i∈I a i = 0 or i∈{1,...,r} I a i = 1. By the first sentence of this proof, we therefore conclude that the desired P I always exists. This finishes our proof.
Proof of Theorem 1.1
For the purposes of this section, a monomial means a product of variables in a polynomial ring (the empty product gives the monomial 1 by convention), while a term is a monomial multiplied by a non-zero coefficient.
Lemma 5.1. Suppose that K is a global function field with constant field F q , Let Γ ⊆ O × S be a finitely generated subgroup and let Φ ⊆ Γ be a free subgroup such that Γ = {τ φ : τ ∈ Tor(Γ), φ ∈ Φ}; note that such Φ always exists (as Γ is finitely generated abelian of rank 1), and that Tor(Γ) ⊆ F q . Let
Let m be the number of terms appearing in g after expanding it, and let h ∈ Let γ ∈ K × F q generate Φ. We note that F q (Φ) = F q (γ) and that the extension K/F q (Φ) is finite. Consider the F q -isomorphism of fields F q (T ) F q (Φ) given by T → γ. Let F ∈ F q [T ] be the minimal polynomial of ξ r over F q . Under this isomorphism, the irreducible polynomial F corresponds to a place w 0 ∈ Σ Fq(Φ) . Since the residue field of F q (Φ) at w 0 contains ξ r , the cardinality of this residue field must exceed r, and hence the property of r ensures that w 0 does not lie below any place in S. Let P be the maximal ideal associated to a place v 0 ∈ Σ K above w 0 ∈ Σ Fq(Φ) . Then we have v 0 / ∈ S and thus P ⊂ O S is a prime ideal. Proof of Theorem 1.1. This follows from the previous two results.
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